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Dynamic Analysis of Composite Laminates with Multiple
Delamination Using Improved Layerwise Theory

Heung Soo Kim,* Aditi Chattopadhyay,” and Anindya Ghoshal*
Arizona State University, Tempe, Arizona 85287-6106

A procedure has been developed to investigate the dynamic response of composite structures, with embedded
multiple delaminations. A recently developed improved layerwise composite laminate theory is extended to model
composite laminates of moderately large thickness with delamination. The theory accurately predicts interlaminar
shear stresses while maintaining computational efficiency. Natural frequencies and mode shapes are computed
for cross-ply laminates with delaminations placed at different locations. Experiments are conducted to validate
the developed theory. Numerical results indicate excellent correlation with analytical solutions and experimental
results. Parametric studies are conducted to investigate the effect of delaminationlocation, both through the thick-
ness and in plane, and number of delaminations on the dynamic response. A potential application of the developed
procedure is in structural health monitoring where accurate predictions of dynamic response in the presence of

delamination are important issues.

I. Introduction

SIGNIFICANT amount of research has been performed

on modeling composite laminates in the presence of
delamination.!~'* In the analysis of composite laminates, classi-
cal laminate theory (CLT) and first-order shear deformation theory
(FSDT) have been conventionally used to model laminated struc-
tures. It is well known that CLT ignores transverse shear stresses
and FSDT does not provide sufficient accuracy because of the use
of shear correction factors. The layerwise approach introduced by
Barbero and Reddy! is an alternative because it is capable of mod-
eling displacement discontinuities. However, computational effort
increases with the number of plies. A refined higher-order theory
hasbeendevelopedby Chattopadhyayand Gu to model the presence
of delamination in composite plates and shells of moderately thick
constructions>* Their theory was shown to agree well with both
elasticity solutions* and experimental results.> However, although
the higher-order-basedtheories provide good accuracy at the global
level, they fail to satisfy stress continuity at ply interfaces. Recently,
Zhou and Chattopadhyay® reported the development of a new lay-
erwise shell theory addressing some of these issues. However, their
work did not include the presence of delaminations. To investi-
gate the dynamic characteristics of composites with delaminations,
Shen and Grady’ studied the free vibration of delaminated compos-
ite beam using Timoshenko beam theory. Crawley and Adams® and
Williams et al.” investigated the shift in natural frequencies caused
by damage. However, the highly anisotropic characteristics of lam-
inated composites leads to only minor changes in the natural fre-
quencies and displacementmode shapes for relatively large delami-
nations. Less than 2-3% changesin the fundamental frequency were
reported, in the literature, with delamination area as large as 20% (of
the composite structure). Luo and Hanagud'® proposed two delami-
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nation coefficients to discern the delaminationmodes and discussed
the possibility of detecting delamination size and location based
on the modal analysis results. A study on the dynamic response of
delaminated beams had been performed by Lestari and Hanagud.!!
Thornburgh and Chattopadhyay'? developed a unified approach to
model the presence of two types of damage, delaminations and
transverse matrix cracks in composites. They further extended their
model to study the effectof delaminationon the dynamicresponseof
smart composite structures.!*> Cho and Kim'#!® developeda higher-
order zig-zag theory for laminated composite plates with multiple
delaminations. Recently, Kim et al.!¢ developed an improved layer-
wise theory to investigate interlaminar stresses in smart composite
structures. In the present paper this new layerwise theory is further
extended for modeling composite laminated plates with embedded
multiple delamination ensuring global and local ply level accuracy.

II. Mathematical Theory

Accurate description of structural deformation is a key issue in
modeling composites of arbitrary thickness. In the presence of de-
lamination, interlaminar stresses also play a critical role. Therefore,
the filed descriptionmust be capable of accurate estimation of these
stresses. The improved layerwise theory developed by Kim et al.'®
is used to address this issue. In this theory the first-order shear de-
formation based displacement field is used to address the overall
response of the entire laminate, and layerwise functions are used
to accommodate the complexity of zig-zag-like in-plane deforma-
tion through the laminate thickness, while satisfying interlaminar
shear traction continuity conditions. This theory is now extended to
include the presence of multiple delaminations.

To model delamination, the assumed displacementfield is supple-
mented with Heaviside unit step functions, which allows introduc-
tion of independent displacement field above and below the sub-
laminates. Consider a N-layered laminated composite plate with
multiple delaminations. The displacements of a point with coordi-
nates (x, y, z) are described using the superposition of first-order
shear deformation and layerwise functions, as follows:

Uf(x,y,z,0) = u;(x, y, 1) + ¢ (x, y, )z + 6] (x, y, )g(2)

N -1
FYEL Y DR+ Y@,y DH(z — 2))
j=1
N —1
Uk, y. z.0) = w(x, y.0+ Y il (x,y. H(z — z))

j=1

1)

where U} denotesin-plane displacementand U¥ denotes transverse
deflection. The subscript i denotes the coordinate x or y and the
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superscript k denotes the kth layer of the laminate. The quantities
u; and w denote the displacement of the reference plane, ¢; are ro-
tations of the normal to the reference plane about the x and y axes,

and quantities 6} and ¥} are layerwise structuralunknowns defined
at each lamina. The terms & and W/ represent possible jumps in
displacement field caused by delamination allowing slipping and
separation between sublaminates, and z; denotes the delaminated
interface. The function H (z — z;) is a Heaviside unit step function.
All interfaces between layers are initially assumed to be delami-
nated. Then, the number of delaminated layer interfaces is equal to
the total number of ply interfaces. Perfectly bonded interfaces can
be easily simulated by setting &/ and W’ to be zero at these inter-
faces. The through-laminate-thidkness functions g(z) and h(z) are
used to address the characteristics of in-plane zig-zag deformation
and have the following form:

g(z) = sinh(z/h),

where functions g(z) and & (z) render higher-order odd and even
distributions, respectively.

In the preceding formulation the unknowns are u;, ¢;, w, ok,

& !, and W’ leading to a total of 544N +3(N — 1) structural
unknownsfora N-layeredlaminate. Thus, the total number of struc-
tural unknowns is dependent on the number of layers and delam-
inations, implying that computational effort will increase greatly
if multilayered laminates are used. A reduction in the number of
structural variables is essential for the model to be computationally
efficient and useful in practical applications. Therefore, a procedure
is developed to reduce the number of variables by enforcing conti-
nuity of the transverse shear stresses and the in-plane displacement
at ply interfaces, as described next.

The displacement field described in Eq. (1) does not satisfy the
requirement of shear traction-free boundary conditions at free sur-
faces. It also does not ensure continuity of transverse stresses and
in-plane displacement at ply interfaces. The surface traction-free
boundary conditions on the top and bottom surfaces are imposed as
follows:

h(z) = cosh(z/ h) 2)

(Y, 2y 1) =0 3)

where ;. denotes transverse shear stress and the quantities z; and
zy+1 denote the thickness coordinates of the bottom and the top
surfaces, respectively. For orthotropic laminate the transverse shear
stresses depend on transverse shear strains. Thus, the traction-free
condition can be rewritten as follows:

¢z+g.:¢[l +h.:6[1 +w.[ =0 at =1z

TL(x, y,21) =0,

N-1
Gt g WY + 6 +w+ Y WIHE—z)=0
j=1

at z=zy. @)
where () ; and () .denote partial derivativeswith respectto x, y, and

z coordinates, respectively.
The transverse shear-stress continuity conditions can be written

as follows:

T,y z ) = TG Y, 2 &)

The condition of zero shear stresses at delaminated interfaces are
mathematically satisfied by the preceding equation. Using Hooke’s
law and kinematic relations, these conditions can be expressed as
follows:

<">[¢1+g e DO +h -G )Y +w o+ wa H@_L,)}

ji=1

) %H)[%W Gee)0f T+ R Gw T

k+1
+ Y W H(z - zj)}

j=1

(k)|:¢2+g e D)8 +ho()Ys +w, +wa H@_L,)}

ji=1

= (k+1)|:¢2+g GO+ h G YT

K+l
+ Zw{yH(z—zj)} 6)
j=1
where Qf‘k) and Q(k) are the reduced stiffness of the kth lamina.

Furthermore, at the perfectly bonded interfaces the in-plane dis-
placements are continuous at each interface. The displacements are
alsoassumed to be continuousat the delaminatedinterface, allowing
slippingeffect. The continuity conditionsof in-planedisplacements,
at the kth interface, can be expressed as follows:

s O +h(z DY =g )0 +h(z DY (D

By using Egs. (4), (6), and (7), the structuralunknowns of the kth
layer are related to those of the (k — 1)th layer. Thus, for a N-layer
laminated composite with multiple delaminations, 4N constraint
conditions are obtained. By substituting the 4N equations into the
assumed displacementfield [Eq. (1)], the in-plane displacements of
the cross-ply laminate are expressed as follows:

Ukx,y,z,0) = u, + AX ()¢ + B (9w, + CJ ()0,

N -1
+ Y alHGz-z)

j=1

US(x.y.z.1) = u, + AL(2)$s + Bs (D)w,, + C3 ()i,

N -1
+ Y ajHGz - z) ®)
j=1
where

AK(z) = z+abg(z) + Ah(z2), Al()=z+dbg(z) + h(z)

Bf(z) = afg(2) + cth(z), Bi(z) =dbg(z) + kh(2)

Cl(z)=blg(z) +dlh(z),  Cl(z)=big(z)+dih(z) (9)

The layerwise coefficients af, a%, c*, ¢k, b’ b’ d’ and d’ are
obtained from the 4N constraint equations and are expressed in
term of laminate geometry and material properties. The coefficients
at, at, c*, and ¢4 _represent scalar quantities at each layer. How-
ever, coefficients by, b, d;, and d] are 1 x (N — 1) row vectors at
each layer and describe the opening effect caused by delamination
at each interface. Therefore, the displacement field, ranging from
the first layer to the Nth layer, can be expressedin terms of the vari-
ables uy, uy, w, ¢y, ¢, iy, ﬁé, and w’, making it dependent on the
number of delamination but independent of the number of layers.

III. Finite Element Implementation

The preceding formulation is implemented using the finite ele-
ment method. The primary displacement unknowns are expressed
in terms of nodal values and shape functions as follows:

(”1,”2,¢1,¢2, j, 7 )

= Z Nm[(ul)m» (u2)m» ((pl)m» (¢2)m» (ﬁ{)m’ (ﬁé)m]

m=1

W= Y [Hy W)y + Hey (0,0 + Hy(w,),]
m=1
W =Y [Hy (D) + He (B,0)0 + Hy (10,),1] (10)

m=1
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where n is the number of nodes in an element; N,, is a Lagrange
interpolation function; and H,,, H,,,, and H,, are Hermite inter-
polation functions. In this paper four-noded plate element is used
with linear Lagrange interpolationfunctionsto describe the in-plane
unknowns, and Hermite cubic interpolation functions are used for

the out-of-plane unknowns.

9
1 0 Bf(z)a—x AX(2)

L=l 1 BrpX o
2\= 3y
Lo 0 1 0
i 0 B{(2) il Al (2) 0
0x 1 0x? 1 0x
0 0 BX(2) 0 0
ay 2 ay?
)
=0 o0 14+ B (2)|— 0
Ls [ + 2.k( )]ay
0 0 [1+ B! (z)]i A (2)
1,z ax 1,z
a9 92 )
—_ — BX(z BX(z Ak (2)—
dy 0x [ 1(2) + By )]axay 1()8y

H” =[H(z— z))

The relationship between displacementunknowns and nodal un-
knowns in Eq. (10) can be expressed by the following matrix form:

{u’} = [NNd} (11

where
i _i T
{u} = ”1,M27w7¢1,¢2,”j,uj,wj
104

{d}=[---,”1z,uzz, Wi, Wi Wyis Gris Pis

il gl ol 0] (12)
[N]=
NN OO 0O 0 0 0 0° 0P 02 0° 0P
0N O O 0 0 0 02 02 02 0° 0P
0 0 H H; H; 0 0 0” 0” 0” 0 0P
000 0 0N 0 0° 0° 02 0P 0P
000 0 0 0 N 02 0> 02 0P 0P
000 0 0 0 0 NP O” 0° 0° 0°
000 0 0 0 0 0° NP 0P 0P 0P
000 0 0 0 0 0° 0° H” H? H?

In Eq. (12) D is the total number of delamination; 0”isalxD
null row vector,and NP, H”, H?, and HY are 1 x D row vectors,
which are defined as follows: )
NP =[N - N

i

H.D = [HL Hl]

H? =[H,; ... H;, HJ=[H, ... Hy] (13)

Based on the field assumptions and kinematic relations already
described, the elementdisplacementfield u(x, y, z, t) and the asso-

_ _. 9
Al 0P HP C,L{(z)5

ciated strain field e(x, y, z, t)can be written as follows:
e(x,y,z,1) = Lu‘(x, y,1)
(14)

u(x,y, z,t) =Lu(x,y,1),

where the higher-orderoperators L, and L, are defined as follows:

_ g
0 H? 0 C{@—
0x

(15)

0 0> 0P HP

_ _ .92
0 HP— 0P Cl(0)—
ox 1 ( )axz
9 - _ 9 _ 92
Ak(z)— 0P  HP— Cl(2)
ay dy ay?
_ _ . _ 29
Ak (2) 0 0P [CI.(0+ HD]a—
, , -
Y2 Y2 ~J 7D 9
0 0 0 [C].(o)+HP]—
’ 0x
0 _ 0 _ 0 _ . _. 2
A¥(z)— HP— HP— C/(z Cl(z
2( )ax ay 0x [ 1(8) + €5 ( )] 0xdy
H(z —z))]

The preceding formulation results in 28 generalized nodal un-
knowns for a undelaminatedplate element and (28 + 5 x D) gener-
alized nodal unknowns for a delaminated element, where D repre-
sents the number of delamination present.

The equations of motion are obtained from the Hamilton’s prin-
ciple as follows:

t
/ [/ (piil-éu[ +U’[j68[j) dv —/ lT[(SM[ dl":| dt=0 (16)
10 14 r

o

By substituting Eqs. (11) and (14) into Eq. (16), the finite element
model of free vibration is obtained as follows:

(K] =’ [MD{d} =0 a7

where [ K] and [M] are the stiffness and mass matrices, respectively.
The quantity  denotes the natural frequency, and {d} represents the
eigenvectorof nodal displacementscorrespondingto an eigenvalue.
The stiffness and mass matrices are defined as follows:

U(]:/BSTQBSdV, [M]:/BMTQBudV (18)
14 14

with the following definition of the operators:

B, = L,N, B, =L.N (19)

IV. Results and Discussion

A number of case studies have been conducted to validate the
developed procedure. Comparisons are made with analytical so-
lutions, higher-order-theory-tased results and experiments. Next,
parametric studies are conducted to investigate the effects of num-
ber, placement, and size of delamination on the dynamic response
of cross-ply composite plate.

To validate the model, first, the natural frequenciesare computed
and are compared with experimental results,” analytical solution,’
and results from a higher-order theory.!* Results are presented for



1774 KIM, CHATTOPADHYAY, AND GHOSHAL

a [0, 90],, carbon-epoxy cantilever composite beam plate with di-
mensions 12.7-cm (5-in.) length and 1.27-cm (0.5-in.) thickness as
used in Ref. 7. The ply thickness is 0.0127 cm (0.005 in.). The
material properties for the carbon-epoxy cantilever plate beam are
E, =134.4GPa, E; =10.34 GPa, G, =5.0 GPa, p = 1477 kg/m®,
and v =0.33. A finite element mesh consistingof 30 x 5 four-noded
plate elements is used to model both the presentimproved layerwise
theory and the higher-order theory (HOT).!* Table 1 presents the
comparison of the fundamental natural frequenciesbetween the un-
delaminated plate and delaminated plates with a single through-the-
width, centrally placed delamination, of various size and location.
In Table 1 the 10, I1, 12, and I3 indicate the ply level location of the
delamination, measured from the midsurface. Thus I0 represents a
delaminationat the midsurface,and I1 representsthe presence of de-
lamination at the first interface measured from the midsurface,and a
refersto the length of delamination.In terms of in-planelocation, the
midsection of the delamination coincides with the midsection of the
plate. As seen from Table 1, results from the present theory agree
very well with results obtained using experiments, analytical ap-
proach, and HOT. Figures la—1c present comparisons of the natural
frequencies, obtained using the present theory and HOT, associated
with the first and second bending modes and the first twisting mode
for the same plate with a 40% delamination [of size 2 in. (5.08 cm)]
located at various ply interfaces. The natural frequencies of the de-
laminated structure shift from the undelaminated one, more when
the delamination is located near the midplane and less when the

90

O present
85 - mHOT

80 1

75 4

70 H

Natural Frequency (Hz)

65 4

60
undel 10 I 12 13

a) First bending mode

600 -
O present

550 1 mHOT
N
<
Z 500
c
s
& 450 -
14
w
T 400
=
8
< 350 4

300 T

undel 10 11 12 13

b) Second bending mode

650 -

mpresent

600 - mHOT
¥
= 550 -
oy
& 500 -
=
g
2 450 |
®
5 400 A
3

350 -

300 +— T T

11

undel 10
¢) First twisting mode

Fig. 1 Natural frequencies of a cantilever plate ([0/90]2s) with a 2-in.
(5.08-cm) delamination.

Table 1 Comparison of fundamental natural frequencies, single delamination of different size and ply level location
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delamination is located near the surface and away from the mid-
plane. This trend is observed in the first three modes using the
present analysis and in the first two modes using HOT. This dis-
crepancy suggests that the ply level information from the present
layerwise theory provides more accurate description of strain field,
resulting in more accurate prediction of natural frequencies. Thus
from Table 1 and Fig. 1, it can be concluded that the results ob-
tained from the present analysis are highly comparable with the
already published results from Refs. 7 and 13.

An experimental investigation is conducted next to further vali-
date the developed theory. A set of carbon-cyanate (0, 90),, lam-
inated composite cantilever plate beams (as shown in Fig. 2) is
manufactured using a hot press. The fiber used for the laminate
is K1100 carbon, and the curing resin is 954-2A cyanate resin.
The material properties for the laminated composite are as follows:
E, = 380 GPa, E, =16.6 GPa, G|, =4.2 GPa, p = 1800 kg/m’,
vi2 =0.31, and v,3 =0.42. The dimensions of the cantilever plates
are 31.1-cmlength, 5.1-cm width, and 0.218-cm thickness. The ply
thicknessis measuredto be 0.137 mm. The experimental setup using
laser vibrometry testing is shown in Fig. 3a. The setup consists of
the test specimen, mounted on a vice attached to a Newport RS4000
vibrationisolationtable, a scanninglaser Doppler vibrometer (Poly-
tec SLDV), a waveform generator (Agilient 33120A), and an ACX
Quickpack power amplifier. The piezoelectric patch actuator, sur-
face bonded approximately at a distance of 1.83 cm away from the
fixed end, is used to excite the structure, while the laser scans the
outer surface to measure transverse vibrationand displacement. The
size of the actuator is 5.1 x 2.54 x 0.051 cm, and it consists of
two stacked lead zirconate titanate (PZT) SH wafers (Fig. 3b). The

Laser Reflective Tape
Delamination located &t
ply level 2, 4 and 7

| ]

Lazer Reflective Tape
0.218 cm

i i 1/
I U T S31cm
31.5cm []

] =4,
- B

Carbon Cyanate Lamineted Composite Cartilewer Plate

Fig. 2 Carbon-cyanate laminated composite cantilever plate with
delamination.

Fig. 3a Experimental setup for laser vibrometry.

Fig. 3b Set of laminated composite cantilever plate with ACX PZT
actuators (QP25N) attached near the fixed end.

material properties of the PZT (isotropic) are as follows: E =
63 GPa, p =7700 kg/m?, and v = 0.28 (Ref. 17). Four specimens,
one undelaminated and the remaining three with embedded delam-
ination at ply levels 2, 4, and 7, respectively, are used. One side of
the plate is covered with a very thin, flexible laser-reflective tape
to obtain better signal-to-noise ratio for the laser measurement. In
all of the delaminated specimens, the delaminationis seeded in the
other half from the midplane, which is away from the laser-taped
side. Thus the interfacial ply levels are numbered from the mid-
plane and away from the reflective tape surface. The delamination
is seeded using two very thin plastic release films placed between
the interfaces of two laminae. In the first two specimens a delamina-
tionof size 5.1 x 5.1 cm (16% delamination)is seeded at a distance
of 11 cm from the fixed end. In the experimental analysis the fre-
quency response function (FRF) plots caused by the input excitation
of periodic chirp or sine sweep are obtained for various frequency
bandwidths. The FRF peaks denote the natural frequencies of the
laminated composite specimen. Table 2 presents the comparison of
first five natural frequencies, obtained experimentally, with the nu-
merical results obtained using the developed theory and HOT. In the
numerical analysis 30 x 5 four-noded elements are used to obtain
the results using HOT,'® and 30 x 4 elements are used to obtain the
results using the present theory. The comparisons are presented for
delamination located at three different ply levels, indicated by 12,
I4, and I7. Table 2 shows that the numerical (present analysis and
HOT) and the experimental results are within 8% of each other for
the first five modes. The results obtained from the present theory
are closer to the experimental results, further establishing the ac-
curacy of the developed procedure. Also, the number of elements
used in the present analysis is 20% fewer than those used in the
HOT analysis to obtain similar levels of accuracy. The frequency
shift caused by the presence of delamination is also clearly notice-
able, becoming more pronounced at higher modes and when the
delamination is embedded closer to the midplane of the composite
laminate. Figures 4a—4d show the experimental vibration displace-
ment shapes (VDS) at the fundamental flexural frequencies of the
cantilever plate with no delamination and delamination of 5.1 cm
at ply levels I7, 14, and 12. The effect of delamination is not clearly
visible in the first bending mode.

The pronounced natural frequency shifts observed when the de-
lamination is located closer to the midplane, as opposed to closer
to the surface, with respect to the undelaminated structure can be
empirically explained by computing the bending inertia. Assum-
ing that the delamination causes sliding along the two delami-
nated surfaces, the bending inertia can be computed. For example,
the inertia of undelaminated laminate 14 is bh®/12=0.083bh>,
and the corresponding values for the delaminated laminate /d
are bh®/12(143/16° 4+ 23/16%) = 0.056bh> with delamination at the
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Table2 Comparisons of first five natural frequencies with ply level variation in delamination placement

Natural Undelaminated 12 14 17
frequency Experiment  HOT Present  Experiment  HOT Present  Experiment  HOT Present  Experiment  HOT Present
w1 41.26 42.08 40.152 40.00 41.89 40.046 40.31 41.96 40.088 40.94 42.06 40.132
w2 125.8 133.9 133.40 118.3 131.4 131.8 120.8 132.4 132.36 122.7 133.5 133.22
w3 255.1 260.2 250.44 249.4 258.4 249.5 250.6 258.9 249.81 250.6 259.5 249.61
w4 434.0 457.6 450.57 420.6 455.4 448.93 421.7 455.7 449.29 430.8 453.6 448.18
ws 703.8 717.4 686.19 628.6 678.4 664.27 639.5 692.0 671.21 690.6 695.8 678.03
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ination near the surface reduces the second area moment of inertia 2 350 |
by 33%, whereas delamination at the midsurface reduces the inertia
by 75%. Thus, the natural frequency reductions of 25% when the 300 T T '
undel 10 H 12 13

delaminationis at 16 interface level and 50% when the delamination
is at midplane are meaningful because for a given Young’s modulus
natural frequenciesare directly proportionalto the square root of the
bending inertia of the structure. A comparison of the reductions in
natural frequencies and bending inertia, caused by delamination, is
presentedin Fig. 5. The figure shows comparable trends as the loca-
tion of the delaminationis shifted from midsurface toward the outer
surface. This observationcan be useful in damage characterization.

The results from the parametric study are presented next. The
same plate, as used in the validation studies,’ is used in this numeri-
cal investigation.First, the effect of through-the-thickness variation
in delamination placement is investigated, and the results are com-
pared with an undelaminated plate. Figures 6a—6¢ show the natural
frequenciesassociated with the first and second bending modes and
the first twisting mode for the composite plate with a 60% delam-
ination (3 in.), of varying location (I0-I3), and the undelaminated
plate. Similar trends in natural frequency shift, as noted during the
validation studies, are observed. Figures 7a and 7b show the first
bending and twisting mode shapes for the undelaminatedplate, and
the correspondingmode shapes of the delaminated plate with a 40%
delaminationlocated at midplane are shown in Figs. 7c and 7d. The

¢) First twisting mode

Fig. 6 Natural frequencies of a cantilever plate ([0/90]2s) with a 3-in.
(7.62-cm) delamination.

effectof the delaminationis significantly more observablein the first
twistingmode of the delaminatedplate thanin the first flexural mode.

Next, numerical investigations are conducted to study the effects
of in-plane variation in delamination placement and multiple de-
laminations of various sizes and placement. The geometry of the
carbon-cyanate laminated composite cantilever plate with multiple
delaminations is shown in Fig. 8. In this figure cases 1-4 represent
variations in in-plane location of delamination, with respect to the
fixed end. First, the effect of in-plane variation in delamination lo-
cation is studied using a single delamination of size 6 x 5 cm (20%
delamination)with varying locationsalong the in-plane (cases 1-3).
As shown in Fig. 9, the effect is more pronounced in the natural
frequency shift, from the undelaminated to the damaged structure,
when the delaminationis located near the fixed end. Once again, the
delamination effect is more easily observable in the higher modes.
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Next, numerical studies are conducted to investigate the effect of
multiple delamination. Table 3 shows the first five natural frequen-
cies for the composite plate (Fig. 8) with multiple delaminations
located at different ply levels through the thickness direction. The
in-planelocationand size of the delaminationis the same asin case 2
(Fig. 8). In Table 3, I( ) denotes the ply level location of the delam-
ination, and notations I() +I()+ - - - are used to describe multiple
delamination cases with a single delamination of same size located
at each ply level. It is observed (from Table 3) that increases in
the number of equal size delamination affect the natural frequency
shifts from the undelaminated structure. The frequency shifts are
more significant when the multiple delaminations are located near
the midplane, compared to the case where they are located closer
to the free surface. The effects are also more pronounced at higher
frequencies.

The effect of a combination of multiple delaminations located
in the same ply level (12 +12 +12) and distributed stepwise along
different ply levels (12 +14 +17 and 17 + 14 + 12; Fig. 8) is inves-
tigated next. Comparisons of the first five natural frequencies with

Table3 Natural frequencies; multiple delamination

at different ply levels
Hz Undelaminated 12414 12417 44+17 12414417
] 42.850 42.636  42.645 42728 42.617
1533 135.54 133.01 133.26  134.07 132.90
w3 267.64 266.89  263.50  263.31 263.05
on 465.57 459.25 45329  454.19 451.86
ws 745.38 677.09 677.63  702.81 669.29

Table4 Natural frequencies; multiple delamination at
different in-plane locations

Hz Undelaminated 12412412 12414417 17+14+12

o) 42.850 42.43 42.499 42.648
) 135.54 128.87 129.66 133.14
w3 267.64 250.63 252.69 260.73
[on 465.57 428.67 436.28 447.18
s 745.38 630.12 654.55 664.68

the frequencies of the undelaminated plate, for all three cases, are
presented in Table 4, and the percentage differences are shown in
Fig. 10. It is observed that the frequency shifts caused by a com-
bination of three delaminations located in the 12 plane are more
pronounced than in the other cases. The second largest shifts are
observed when the delamination located closest to the fixed end
is also closest to the midplane (I12+ 14 4 17). Also, as seen from
Fig. 10, the percentage shifts in natural frequencies are more pro-
nounced at the higher modes.

Next, the effect of discrete multiple delaminations as opposed to
a single delamination of the same total size, located in the same
ply level, is investigated. Table 5 presents the first five natural fre-
quencies of plates with two multiple, discrete delaminations of size
6 x 5 cm at the same ply level (I12), located 14 cm apart (D1) and

Table 5 Natural frequencies; multiple discrete and single
continuous delamination

Hz Undelaminated D1 D2 D3
W) 42.850 42.591 42.433 40.756
Wy 135.54 130.70 128.58 113.03
w3 267.64 250.80 251.29 209.78
Wy 465.57 43297 439.13 400.07
ws 745.38 669.62 661.58 650.52
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and twisting modes with plate having 2-in. (5.08-cm) delamination.
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Fig. 10 Difference in natural frequencies with in-plane variations of
multiple delaminations (B, bending; T, twisting).

1 cm apart (D2), and a plate with a single continuous delamination
of size 13 x 5 cm (D3). In all of these cases (D1, D2, and D3), the
delamination initiates at a distance of 2 cm from the fixed end. It
is observed that frequency shifts caused by the presence of delam-
ination is significantly more pronounced for the case with single
delamination compared to the cases with multiple discrete delam-
inations. This indicates that a continuous delamination affects the
global stiffness more significantly than a number of discrete ones
of comparable length. The shifts in natural frequencies are more
pronounced when the discrete delaminations are further apart (D1),
compared to the case where they are closely spaced (D2). This is
because in the latter case both the delaminations are located closer
to the fixed end where maximum strains develop.

V. Conclusions

An investigationon the dynamic response of cross-ply composite
plates, with embedded multiple delamination, was conducted. An
improvedlayerwise laminate theory was used to model the displace-
ment fields, and Heaviside step functions were used to represent the
separation and slipping caused by delamination. The results from
the present theory were validated with available experimental and
numerical results. Experiments were also conducted for further val-
idation. Parametric studies were conducted to investigate the effects

of number, placement, and size of delamination on the dynamic re-
sponse. The following important observations were made from the
present study:

1) The results from the present theory correlate very well with
those obtained using a higher-order theory and available experi-
ments.

2) The present results also correlate very well with the results
from the experiments conducted.

3) Changesinnaturalfrequencybetweenundelaminatedand dam-
aged cantilevercomposite plate are observed. The changes are more
pronouncedwhen the delaminationor a combination of multiple de-
laminationsare located closer to the midplane and closer to the fixed
end.

4) The global effect of a single long delamination is more signif-
icant than that caused by discrete multiple delaminations.
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